For a finite abelian group A, let us denote the unit group of its integral group ring by U (ZA). The rank of torsion free part of U (ZA) is determined by Ayoub and Ayoub as ρ = 1 2 (|A| + 1 + n 2 − 2l) where n 2 is the number of elements of A of order 2 and l is the number of cyclic subgroups of of A. Here ρ mainly depends on the number of cyclic subgroup of A. In this study, we have first computed the rank of U (ZC n ) by using prime factorization of |C n | . Then by extending cyclic subgroup C n by B = C 2 , C 3 , C 4 or K 4 , we have computed the rank of U (ZA) where A = C n × B. Finally, we have given rank tables for both cyclic abelian and non-cyclic abelian groups of small orders.
Introduction
Let us denote ZA the integral group of a finite abelian group A with the coefficients from the ring of integers Z. Let U(ZA) be the group of units in ZA. Higman [1] obtained the following result:
Theorem 1.1 If A is a finite abelian group then
where F is a free abelian group.
Here torsion units are trivial, torsion free units are finite but the rank is not known. The rank of torsion free part is determined by Ayoub and Ayoub [4] .
Theorem 1.2 If
A is a finite abelian group then U(ZA) = ±A × F with the rank ρ = 1 2 (|A| + 1 + n 2 − 2l) (1) where n 2 is the number of elements of A of order 2 and l is the number of cyclic subgroups of A.
Hoechsmann [2] described a construction of a set of generators of a finiteindex subgroup of U(ZA), called the group of constructable units.
Let A = C n be a cyclic group of order n. We can get necessary and sufficient condition for trivial units in [5] as follows Corollary 1.3 U(ZC n ) = ±C n ⇔ n = 1, 2, 3, 4 or 6. This result is extended by Higman [1] to other abelian and nonabelian groups.
Theorem 1.4 Let
If n is not 1, 2, 3, 4 nor 6 then we need to calculate the rank of torsion free part of U(ZC n ).
Corollary 1.5 U(ZC
if n is odd.
Proof. Let the prime factorization of
primes, then the number of cyclic subgroups of
The number of elements of order 2 in C n is 1 if n is even and 0 if n is odd. By Theorem 1.2
we denote n = 2m + 1 if n is odd and n = 2m if n is even then we can simplify rank formula for both cases as
Let us state the main problem: If A is a finite abelian group can we find the rank of U(ZA)? This problem is too difficult. An algorithm for obtaining generators of the unit group of the integral group ring ZA of a finite abelian group A is given by Faccin et al. [3] . Here we will focus on the following problem; If we know the rank of torsion free part of the unit group U(ZC n ), can we calculate the rank of torison free part of the unit group U(ZA) where
In this study we have determinded the rank of
Computation of Ranks
Calculating the rank of torsion free part of the unit group U(ZA) needs calculation of the number of cyclic subgroups of A which is not easy. We will determine the rank of torsion free part of U(ZA) by considering A = C n × B where B = C 2 , C 3 , C 4 or K 4 whose unit groups of integral group rings U(ZB) are trivial. Let us denote the rank of U(ZC n ) by ρ and the rank of U(ZA) by ρ, here our main goal is to write ρ in terms of ρ. 
Proof. Let us first give a summary of the possible group orders.
. Now, we can investigate the ranks with respect to orders: i-a) By (1) if n = 2 k then the rank of torsion free part of U(ZC n ) is
Let us compute the number of cyclic subgroups of A = C 2 k ×C 2 by the following table:
Here all cyclic groups are distinct, so n 2 = 3 and l = 2(k + 1), hence
and since n 2 = 1 and l = 3(k + 1)
Let us compute the number of cyclic subgroups of A = C 2 k p × C 2 by the following table:
Let us compute the number of cyclic subgroups of A = C 2p k × C 2 by the following table:
Here all cyclic groups are distinct, so n 2 = 3 and l = 2.2(k + 1), hence
Corollary 2.2 Let p and q be prime numbers and k ∈ N and ρ be the rank of torsion free part F of the unit group U(ZC n ), then the rank ρ of torsion free part of the unit group U(ZA) where
Proof. The proof leads from Theorem 2.1.
Theorem 2.3
Let A = C n × C 3 and p and q be distinct primes greater than
Proof. i-a) If we take n = 3 k , then by (1) the rank of U(ZC n ) is
Let us compute the number of cyclic subgroups of A = C 3 k × C 3 by the table:
Here, only x and x 2 generate the same subgroup, other elements of the same order generate distinct subgroups. Thus all elements except one generates distinct cyclic subgroups, so l = 3(k + 1) − 1 = 3k + 2 then the rank of U(ZA) is
Let us compute the number of cyclic subgroups of A = C 2.3 k × C 3 by the table:
In the table there are 6(k + 1) elements of A. Each one generate distinct cyclic subgroups except for xa
Hence, there are l = 6(k + 1) − 2 = 6k + 4 distinct cyclic subgroups of U(ZA) so the rank is
Let us compute the number of cyclic subgroups of A = C 3 k p × C 3 by the following iii-a) Let n = 2 k then by (1) the rank of U(ZC n ) is
Let us compute the number of cyclic subgroups of A = C 3.2 k × C 3 by the table:
In the table there are 6(k + 1) elements of A. Each one generate distinct cyclic subgroups except for xa 3.
Hence, there are l = 6(k + 1) − (k + 1) = 5(k + 1) distinct cyclic subgroups of U(ZA) so the rank is
iv-a) If we take n = 3p k , then by (1) the rank of U(ZC n ) is
Let us compute the number of cyclic subgroups of C 3p k ×C 3 by the table below:
In the table there are 6(k + 1) elements of A. Each one generate distinct cyclic subgroups except for x = x 2 and < xa
. Since n 2 = 0 and l = 2(k + 1) the rank is
k−1 − 2k − 1 and since n 2 = 1 and l = 2.2(k + 1)
and since n 2 = 0 and l = 2.2(k + 1)
2 ) + 2k + 1 = 3ρ + 2k + 1.
Theorem 2.4
Let A = C n × C 4 and p and q be distinct odd primes. Then
Proof. i. If we take n = 2 k , then by (1) the rank of U(ZC n ) is 
Theorem 3.2 Assume that
Proof. Here n = |A| = p k , the number n 2 of elements of order 2 is 0 since p > 2 , each element of A generates a subgroup of order p except for identity p − 1 element generates the same subgroup so the number of distinct cyclic subgroups of A is l =
Corollary 3.3 If
By using Equation (2), we can list the rank of cyclic abelian groups of order n ≤ 100 in table below. 
16 63 C 21 × C 3 22
